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 1 

Dose Response modelling 2 

Mathematical models are those in which the relationships between inputs and outputs are captured in a 3 
deterministic fashion. They are important tools, but their use is rather impractical when describing observational, 4 
experimental, or survey data. For these phenomena, researchers generally include stochastic components that 5 
describe the scatter in the data.  A statistical model is a stochastic model that contains a parametric mathematical 6 
model (i.e. has a deterministic mathematical model).  These parameters are unknown and estimated using the 7 
observed data. 8 

The properties of a statistical model are studied for large samples (also known as asymptotic behaviour).  This is 9 
done by computing expectations, variances, and covariances for model-derived estimates (e.g., the benchmark 10 
dose is one such model derived estimate). Uncertainty is introduced into estimation because of the observed 11 
randomness in the data; this implies the estimates are not deterministic, but would change slightly from data-set 12 
to data-set.  The properties of this estimation is studied asymptotically by imagining that some aspect of the data 13 
increases without bound (for instance, the number of observations or the number of groups, etc.). 14 

Model Components 15 

The model represents the data-generating mechanism and is defined by its components. Each component in the 16 
model must be correctly specified to sufficiently describe the data-generating mechanism. Model selection, 17 
diagnosis, and discrimination are important steps in the model-building process. In this process, the first important 18 
step is to formulate knowledge about the data-generating mechanism and to express the real observed 19 
phenomenon, which describes the distribution of the response, as a mathematical model. In many cases, the model 20 
description takes the form of a model with additive error structure with two components: 21 

𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 =  𝑚𝑒𝑎𝑛 +  𝑒𝑟𝑟𝑜𝑟, 22 

where the mean response represents the deterministic component and the error term specifies a stochastic 23 
component. If additive error model is not be appropriate, then one may use a multiplicative model to describe the 24 
data-generating mechanism. Models for such data require a more elaborate formulation involving statistical 25 
distributions. However, for illustrative purpose, we only consider the additive formulation. Noting that the 26 
descriptions could be easily extended to other model formulation describing more complex data-generating 27 
mechanisms.  28 

From this perspective the model components can be defined by:  29 

• the mean term, describing the tendency of the response variable(s) to vary with the predictor/covariate(s) 30 
in a systematic fashion 31 

• error term, denoting the statistical variation around the mean term, which includes distributional 32 
assumptions of the response variable(s) that we are modelling (it could be considered univariate or 33 
multivariate), as well as assumptions related to its variability around the mean term. Embedded in the 34 
error term is the variability of the response around the mean structure, which could be a constant 35 
regardless of the covariate(s) values or could also be a function of them.  36 

The distributional assumptions, and each of the model components described above are essential when performing 37 
inference using a selected model.  38 

Describing the Mean  39 

As described in the main document, one can assume a family of models to estimate the mean, 𝜇, of the response 40 
as a function of dose.   In what follows, 𝜇(𝑑𝑜𝑠𝑒) defines the dose-response curve. Table 1 gives five functions 41 
from  that can be considered when modelling dose-response data and can be used in the general family defined 42 
in the main document. A common choice for the parameters θ and d is one for most models in Table 1 – see also 43 
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Table 2. These parameters are included for a consistent use of the same parameters in all models. The unknown 1 
parameters are represented in the vector Θ = (𝑎, 𝑏, 𝑑, 𝜃). 2 

 3 

Functional Family Functional Form 

Gamma Model Function 𝐹(𝑏, 𝑑𝑜𝑠𝑒, 𝑑, 𝜃) =
∫ 𝑥𝜃−1 ∙ 𝑒−𝑥𝑑𝑥

𝑏∙𝑑𝑜𝑠𝑒𝑑

0

Γ(𝜃)
 

 

Lomax Model Function 
𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑 , 𝜃) = 1 − (

𝑏

𝑏 + 𝑑𝑜𝑠𝑒𝑑
)

𝜃

 

 

Logistic Model Function 
𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑) =

1

𝑒−𝑎−𝑏∙𝑑𝑜𝑠𝑒𝑑  

 

Probit Model Function 
𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑) =  Φ(𝑎 + 𝑏 ∙ 𝑑𝑜𝑠𝑒𝑑) 

 

Monotonic Polynomial Functions* 
𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑) =  𝑎 + 𝑏 𝑑𝑜𝑠𝑒𝑑 

 

Table 1: Five models that are included in the general family of models.  Here 𝛤(𝜃) is the gamma function, 4 
𝛷(𝑥) is the standard normal cumulative distribution function. 5 
*Any monotonic polynomial function can be thought of as being in this suite.  6 
 7 
These functions are by no mean exhaustive but represent plausible smooth shapes that are useful dose response.  8 
These functions can generate all the model forms found in standard software packages such as PROAST and 9 

BMDS. For example, noting that Γ(𝜃) = ∫ 𝑥𝜃−1𝑒−𝑥𝑑𝑥
∞

0
 and Γ(𝜃) = (𝜃 − 1)! for integral values θ,  using the 10 

gamma family one can derive the exponential family of models for continuous data and the Weibull model for 11 
quantal outcomes by setting θ = 1. That is  12 

𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑 , 1) =
∫ 𝑥1−1 ∙ 𝑒−𝑥𝑑𝑥

𝑏∙𝑑𝑜𝑠𝑒𝑑

0

Γ(1)
, 13 

                               = 1 − exp(𝑏 ⋅ 𝑑𝑜𝑠𝑒𝑑).              14 

Using the general family of models 𝜇(𝑑𝑜𝑠𝑒) = 𝑎 ⋅ {1 + (𝑐 − 1)𝐹(𝑏, 𝑑𝑜𝑠𝑒𝑑)}, one arrives at the Exponential 5 15 
model by direct substitution of the above expression and the Weibull model by setting 𝑐 = 1/𝑎.  Other common 16 
model forms are given in table 2.  17 

 18 

Table 2: Common choices for the model parameters 𝜽 and d for BMD modelling 19 

Continuous response 

Exponential 5 model Gamma with 𝜃 = 1 

Hill model Lomax with 𝜃 = 1 

Quantal response  

Setting c = 1/a 

Log-logistic Lomax with 𝜃 = 1 

Log-probit Probit with dose = log(dose) 

                    𝑑 = 1 

Gamma Gamma with  𝑑 = 1 

Logistic Logistic with  𝑑 = 1 

Probit Probit with     𝑑 = 1 

                       𝑎 = 1 

 20 
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Describing the Variability 1 

Distributional assumptions describe the nature of the scatter, i.e., variability of the response, which 2 

may be observed in an experiment etc. For example, a normal distribution assumes symmetric scatter 3 

around the mean and has relatively light tails when compared to most continuous distributions defined 4 

on the entire real number line. Alternatively, the log-normal distribution is an asymmetric distribution 5 

with heavy right tails.  The former distribution is applicable for many analyses where the variability is 6 

symmetric around the mean, while the latter is useful in situations where observations exhibit strong 7 

right skew.  Once the distributional assumptions are made and the form of the mean function is 8 

chosen one can then fit the model given data.   9 

Statistical Model Fitting 10 

For our purpose, statistical model fitting refers to estimating a BMD from the data.  There is a vast literature on 11 
statistical model fitting for any purpose, and the review below is by no means comprehensive.  For textbook 12 
treatments on frequentist maximum likelihood estimation see (Millar, 2011), and for Bayesian inference see 13 
Gelman et al (2013). In our case, we restrict our discussion to dose-response modelling for benchmark dose 14 
estimation and dose-response function, which we summarize all unknowns as the vector Θ.   15 

Frequentist 16 

Frequentist methodologies assume all information relevant for inference is encapsulated through a statistical 17 
distribution, and that no other information is relevant to inference.  For example, when studying the effects of lead 18 
on cognitive function one may assume that IQ is distributed normally, which is the only distributional assumption 19 
used in the analysis.  In this case, the mean and variance of the distribution specify all information about the scatter 20 
of IQs in a population, and one would be interested in estimating the dose-response and standard deviation that 21 
best describes the observed data, which can be used for inference.  22 

To perform frequentist inference, one constructs a likelihood, ℓ(Θ, 𝑋), which is the product of the observed data 23 
distribution with vector of the parameters Θ, and finds the value of the mean and standard deviation that are most 24 

probable given the data.  That is, one finds the value Θ̂ that maximizes ℓ(Θ, 𝑋), which is known as the maximum 25 
likelihood estimate. Continuing the IQ example with the assumption of normality, assume one observes three 26 
individuals with IQ = 95,110, 102, then 27 

ℓ(Θ = {𝜇, 𝜎}, {95,110,102}) =
1

(2𝜋𝜎)
3

2⁄
exp (− 1

2𝜎2⁄ [{95 − 𝜇}2 + {110 − 𝜇}2 + {102 − 𝜇}2]), 28 

which is the product of three normal distributions with observations at 95,110, and 102.  In this example, the 29 
MLE of 𝜇 is the sample mean. Note some methodologies, such as least squared estimation, are special cases of 30 
maximum likelihood estimation, i.e., inference for least squares models is equivalent to maximizing a normal 31 
likelihood.  32 

 33 

Bayesian 34 

Like frequentist inference Bayesian inference encapsulates information into the analysis through the likelihood 35 
function ℓ(Θ, 𝑋), but assumes additional information on Θ through a prior probability distribution, 𝑝(Θ), on this 36 
parameter.  This information may take the form of empirical information from previous studies, expert opinion 37 
on plausible values of Θ that are elicited before the analysis, as well flat priors. To illustrate this point, 38 
continuing the IQ example above, it is reasonable to assume that 𝜇 should be near the population average of 39 
100; however, as there may be other effects due to lead one places a-priori a variance of 25 on this value, which 40 
is reasonably diffuse given the population average is 100.  Assuming an approximate normal distribution over 𝜇, 41 
one encapsulates the prior information using this distribution. 42 
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In Bayesian analysis, inference takes place using Bayes’ rule, which is a conditional probability statement 1 
relating the observed data and the prior information to posterior inference. That is the posterior probability of Θ 2 
given the data 𝑋 is expressed as 3 

𝑃(Θ|𝑋) =
ℓ(𝜃,𝑋)𝑃(Θ)

∫ ℓ(Θ,𝑋)P(Θ)dΘ 
. 4 

As the posterior is often not analytically tractable, inference on this quantity is done through approximation, 5 
which is traditionally done using Markov Chain Monte Carlo (MCMC) but can be done using simpler 6 
approximations such as maximum a-posteriori (MAP) estimation.  7 

The choice of the prior impacts the posterior distribution; however, inference between the Bayesian approach 8 
and the frequentist approach is often qualitatively similar for large samples.  9 

Priors for Bayesian BMD Analysis 10 
 Bayesian analyses require prior assumptions on the dose-response function in the form of prior 11 
distributions on the parameters. Such priors can be constructed using historical data or could be based upon 12 
expert knowledge. One can also employ priors on the parameters which will lead to no or the lowest bias on the 13 
final outcome of  the value of  Benchmark Dose (BMD). Such priors are commonly called objective or 14 
uninformative priors.  As priors may influence inference, careful consideration of the priors should be taken.  15 
Specifically, for benchmark dose estimation, the choice of the prior distributions on the model parameters 16 
Θ results in a second prior distribution on the BMD. So, one is mainly concerned about the prior distribution of 17 
the BMD when choosing the prior distributions on the parameters Θ, because the prior distribution of the BMD 18 
depends on the choices one makes for the prior distributions of the model parameters. The prior distribution of 19 
the BMD is the quantity of interest. This is especially true when the model is a mathematical model and has no 20 
biological basis (i.e. the model is empirical).  Consequently, if using priors outside of the default of either 21 
PROAST or BMDS, some analysis should be conducted on the prior’s effect on the BMD. 22 

As an example, one can compare the priors used in BMDS 3.1 against the priors used in the Bayesian 23 
Benchmark Dose System (BBMDS; Shao and Shapiro 2018) for the Weibull model.  Here, an initial assumption 24 
may be to use a flat prior, e.g., a prior that assumes all values of the parameter are equally like a uniform prior,  25 
which is the case of the BBMDS system as of this writing; however, this may imply a prior on the BMD that is 26 
not realistic. To show this, figure 1 gives the BBMDS and BMDS priors on the BMD10 as a percentage of the 27 
maximum tested dose.  In this figure, for the BBMDS system the default uniform flat prior is used for all 28 
parameters, and d, the power term above, is given a uniform prior over the interval (0,15), which represents an 29 
option in the BBMDS system and the unconstrained default position of Chapter 5. The choice of a uniform or 30 
flat prior on the parameters results in a highly biased prior distribution for the BMD, as is shown in the upper 31 
graph of  Figure 1. It displays the probability density function/probability mass function of the prior distribution 32 
on the BMD which results from the choice of flat prior distributions from the parameters. 33 
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 1 

Figure 1: Induced default prior for the BMD10 for the BBMDS system (top) and the default settings for BMDS 2 
3.1 (bottom)as a fraction of the maximum dose tested based upon the actual priors defined for Θ. For example, 3 
the parameters a, b and d place equal prior probability on all outcomes (within a defined range) for the 4 
parameters.  This results in an implied density over the BMD shown in the top pane.  This prior density is 5 
plotted as a relative frequency of occurrence against the percentage of maximum dose tested and does not result 6 
in an equal probability of BMD values. 7 

Many toxicology experiments test doses at geometric titrations of the maximum tested dose (MD) (e.g. 8 
MD/2, MD/4). This figure highlights why uniform priors may unintentionally bias the analysis to arbitrarily 9 
high or low doses.  Figure 1 (upper graph) shows that the priors for the BBMDS system places a high prior-10 
probability on doses greater than the MD/2 as well as very low doses, which are often well outside of the doses 11 
tested. In fact, approximately 75% of the prior probability for the BMD10 is placed on values outside of the 12 
range of 10% to 50% of the MD.   In contrast, the BMDS 3.1 software priors imply a prior distribution of the 13 
BMD (shown in Figure 1 lower graph)  which place approximately 76% of the prior probability within this 14 
range (10% to 50% of the MD), which is consistent with a large body of literature linking the observed point of 15 
departure to titrations of the maximum tested dose (e.g. see Krewski et al 1993). In fact, if one were to make the 16 
priors even more diffuse (i.e. raise the upper limit from 15 to a larger number) the problem becomes 17 
exacerbated. As this value gets arbitrarily large, the prior probability for the BMD10 concentrates on the MD.  18 
Note that biases due to priors typically only occur when there are limited data. For large samples, the data 19 
overwhelms the priors for both the BBMDS system as well as BMDS 3.1.  20 

Model Averaging 21 

 22 

Once the model components have been defined, a model selection phases is undertaken and several models can 23 
be fitted to the data at hand.   It is known that this process might suffer from model selection bias, and any single 24 
estimate from an individual model ignores model uncertainty, and this is true with any model selection strategy.  25 
For example, choosing the model with the best p-Value, or Akaike information criterion (AIC; Akaike, 1973), 26 
which has been the default procedure for risk assessment, will lead to model uncertainty that is not encapsulated 27 
in the final estimate.   28 

In BMD estimation for risk assessment, the recommended method is model averaging (Kass and Raftery (1995)), 29 
and the previous methods (e.g., selecting the best) should only be used when model averaging is not available.  30 
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Hoeting et al. (1999) wrote a tutorial on Bayesian model averaging and showed how the uncertainty in model 1 
selection leads to overconfident inferences when one model is chosen.  2 

Several frequentist approaches for model averaging have been presented in the literature. Burnham and Anderson 3 
(1996,2004) proposed model averaging to deal with model selection bias in the case of regression models, with 4 
Hjort and Claeskens (2003) theoretically studied these frequentist approaches.  5 

The model averaging approach assumes a model from the general model family (i.e. the F() defined above), and 6 
consider the model 𝑚 ,being one model out of the total of R models, described in the Fs above (Table 1).. The 7 
AIC is calculated for each model, and the difference with the minimum AIC over all possible models is computed: 8 

∆𝑚= 𝐴𝐼𝐶𝑚 − 𝐴𝐼𝐶𝑚𝑖𝑛 9 

To calculate the new average model over R models, the weights are constructed using the following formula: 10 

𝑤𝑚 =
𝑒−

∆𝑚
2

∑ 𝑒−
∆𝑟
2𝑅

𝑟=1

 11 

Burnham and Anderson (2004) argue that where a model averaged estimator can be used it often has reduced bias 12 
and better precision compared to the best model. For Bayesian models, weights are computed similarly, but can 13 
be interpreted as the posterior probability the given model is the correct model. For more information on Bayesian 14 
model averaging, see Hoeting et al (1999). 15 

Currently the BMDS 3.1 system implements Bayesian model averaging as described in Hoeting et al (1999). 16 
PROAST implements frequentist model averaging using the AIC as the basis for the weighting scheme.  Though, 17 
both approaches may give different weights, final inference on the BMD is typically qualitatively the same.  In 18 
practice, either approach can be used and the focus on the analysis should be the quantity of interest, which is the 19 
BMD and BMDL. 20 

Dose-Response Modeling and Weight of the Evidence 21 

Dose-response models are quantitative expressions of relationships in pharmacology and toxicology that are 22 
thought to encapsulate causation (e.g., the effect of an exposure on a hazard).  However, even when it is 23 
expressed mathematically, the validity of the expression of causality ultimately depends upon a judgment that is 24 
not mathematical (Illari and Russo, 2015).  In the fields of medicine and physiology, perhaps the best of 25 
evidence of that comes from the fact that when Hill (1965) gave his widely known lecture on causality before a 26 
group of statisticians, he used no mathematical equations whatsoever. 27 

Weight of the evidence approaches have been used for dose-response modeling both at JECFA (e.g. for lead, 28 
WHO 2000 and WHO 2011) and elsewhere (e.g. Morgan and Granger, 1980; Evans et al, 1994, and Carrington 29 
et al, 2011).  Using weight of the evidence to address dose-response model uncertainties is largely the same as 30 
when Bayesian methods are used.  There is still a need to identify a finite set of alternative models or 31 
hypotheses, and the models are still either directly fit to data or designed to be consistent with the empirical 32 
record.  Furthermore, both approaches utilize expert opinion, and at the end of the process probabilities are 33 
assigned to each alternative model so that they all add up to 1.  There are important differences. 34 

• First, Bayesian methodology uses expert opinion prior to curve-fitting, and then “updates” the 35 
probabilities initially assigned by the experts as part of the curve-fitting process to yield the final model 36 
probabilities.  On the other hand, a weight of the evidence approach does not assign model probabilities 37 
until after curve-fitting has taken place; experts may use information about how well each model 38 
describes the data, but also use other theoretical and experiential criteria as well.  Because the Bayesian 39 
approach alters expert option after it is expressed, it has the potential of yielding final model 40 
probabilities that contradict what experts believe. 41 
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• Second, because it is amenable to automation, Bayesian methodology is far more reproducible than a 1 
methodology which depends solely on expert opinion.  Model probabilities assigned by experts may 2 
vary among experts or even a single expert over time.   That fact perhaps makes the Bayesian 3 
methodology preferable when a standardized approach is desirable and there is no strongly held expert 4 
opinion. 5 

• Third, because it is thought of as a mathematical exercise, calculating Bayesian probabilities requires 6 
the use of analytically tractable models.  If this is not possible, consulting expert opinion may be the 7 
only option. 8 

Although they have been used for other purposes (e.g. Suter and Cormier, 2011) a formal process of the same 9 
ilk as the Hill criteria (Hill, 1965) is not typically implemented for quantitative dose-response modeling.  A 10 
process for weighing evidence could temper differences of opinion among experts regarding dose-response 11 
model form without eliminating expert opinion altogether.  Assigning probabilities by committee would also 12 
help.   In place of the “associations” that concerned Hill, one or more numerical goodness fit measures could be 13 
used to argue for or against specific models.  The other Hill criterion that is directly relevant to dose-response 14 
modeling is the requirement for a “biological gradient”.  Quite simply, a dose-response model ought to look like 15 
what a dose-response relationship is supposed to look like.  That criterion could perhaps be subdivided into 16 
theoretical and experiential components.  As an instance of the former, an argument that a dose-response 17 
relationship cannot be supralinear as the dose approaches zero can be based on the notion that it violates the 18 
generally accepted biochemical law of mass action (Tallarida and Jacob, 1976).  An experiential argument 19 
would reflect the experience of toxicologists with other analogous dose-response relationships.   20 

 21 

Examples 22 

 23 

Dichotomous Data 24 

In the case of dichotomous data, PROAST and BMDS are most alike with respect to the suite of 25 

models applied to such data and default statistical assumptions (e.g., binomial distributions).  26 

However, although both software platforms implement modelling averaging for dichotomous 27 

endpoints, the methods they use differ:  PROAST uses a frequentist approach to model averaging 28 

whereas BMDS uses Bayesian model averaging with informative priors. 29 

Consider a dataset for hepatocellular hyperplasia given in table 1. 30 

Table 1.  Example Dichotomous Dataset 31 

 32 

Using PROAST (either the desktop version, https://www.rivm.nl/en/proast; PROAST Web, 33 

https://proastweb.rivm.nl/; or EFSA Open Analytics version, https://shiny-34 

efsa.openanalytics.eu/app/bmd) one can use model averaging to use information from all fitted 35 

models to derive the BMDL and BMDU. 36 

https://www.rivm.nl/en/proast
https://proastweb.rivm.nl/
https://shiny-efsa.openanalytics.eu/app/bmd
https://shiny-efsa.openanalytics.eu/app/bmd
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 1 

Figure 1.  EFSA’s Benchmark Dose Modeling Framework. 2 

In this example, EFSA’s web tool is used. This; requires importing data as a .csv file.  After loading 3 

the data in the Data tab, users can choose the endpoint of response and the type of data is for 4 

modelling (Figure 2); a quantal response in this case  Using the Fit Models tab, additional modelling 5 

details (e.g., max difference in AIC for acceptance, value of BMR, and width of confidence intervals) 6 

can be set (Figure 3).  The result of fitting all available dichotomous models is  presented in Table 2 7 

and Figure 4 together with  the statistical  details and the visual fits  8 

 9 

Figure 2.  Data tab in EFSA Web Tool 10 
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 1 

Figure 3.  Fit Models tab in EFSA Web Tool 2 

Table 2.  PROAST Dichotomous Model Fits to Hepatocellular Hyperplasia Dataset 3 

 4 
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 1 

Figure 4.  PROAST Dichotomous Visual Model Fits to Hepatocellular Hyperplasia Dataset. 2 

Given are the modelled dose response curves for the 9 applied models (solid line) and the 3 

BMR/BMD (dotted line). Here, all models are considered for the analysis. Models showing poor 4 

fit (e.g. P-values < 0.1) are effectively removed by having low weights.  5 

When using frequentist model averaging for dichotomous data available in PROAST, a bootstrap 6 

approach with multiple iterations is used Users can specify the number of bootstrap iterations on the 7 

Fit Models tab (200 iterations were  selected by default for this example).  PROAST’s model 8 

averaging  averages the results of the models using weights based on the individual model AIC values 9 

(Table 3),.  In this case, the Log-logistic, Log-probit, Gamma, Logistic, and LVM-Hill3 models 10 

consume approximately 80% of the weight used for calculating the model-averaged BMD and 11 

BMDL.   12 

Table 3.  Model Weights Based on AIC Used in PROAST Model Averaging Analysis of 13 

Hepatocellular Hyperplasia 14 

 15 
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From the full set of bootstrap BMD estimates, BMDL and BMDU values are obtained as the 5th and 1 

95th percentile values of the BMD distribution.  The averaged BMD interval ( BMDL to BMDU) is 2 

calculated as (152-243 mg/kg-day).  Given that the model averaging approach implemented in 3 

PROAST uses random bootstrap iterations, this result (i.e., BMD interval) may differ slightly when 4 

different users analyse the same dataset.  Increasing the number of iterations should produce  results 5 

that are closer to unity, but small (perhaps inconsequential) differences will always persist.  However, 6 

increasing the number of iterations will also increase the analysis time.  Therefore, it is important that 7 

users of this method determine, a priori to the analysis, the most efficient trade-off between number 8 

of iterations (more precise estimation of the BMD interval) and analysis time. Another option is to run 9 

the analysis with different numbers of iterations as a sensitivity analysis to objectively report the 10 

effect on the final results this choice has.  11 

When performing BMD analyses using EPA’s Benchmark Dose Software (BMDS, available at 12 

https://www.epa.gov/bmds), users can use model averaging approach for dichotomous endpoints.  The 13 

versions of BMDS used for this analysis (version 3.1) is available as a desktop Excel workbook.  14 

Users can easily enter the data they are modelling on the Data Tab (Figure 5) and then parameterize 15 

their analysis to their needs on the Main Tab (Figure 6).   16 

 17 

Figure 5.  Data Entry in BMDS 3.1. 18 

https://www.epa.gov/bmds
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 1 

Figure 6.  Analysis Set-Up in BMDS 3.1. 2 

When using BMDS’ Bayesian model averaging approach to model the hepatocellular hyperplasia data 3 

in Table 1, the BMD (BMDL-BMDU) are 184 mg/kg-day (143-233 mg/kg-day).  Remember that the 4 

Bayesian method used in BMDS uses prior information on the distribution of the BMD and that prior 5 

information along with the Laplace approximation determines the posterior distribution of the BMD 6 

(see main document and Hoting et al. [1999]).  Hence, while the model averaging results are very 7 

similar between PROAST and BMDS even though the two software platforms use different averaging 8 

approaches, the weights of the frequentist approach in PROAST are quite difference from the 9 

posterior probabilities estimated in BMDS. Users can generally expect results to be similar between 10 

the two software platforms when modeling data-rice dose-response datasets (i.e., high N, large 11 

number of dose groups); results will most likely differ the most in information poor datasets (i.e., few 12 

dose groups, low N).  Table 4 below lists the modelling fits of the individual Bayesian dichotomous 13 

models along with the posterior probabilities.   14 

Table 4.  BMDS Bayesian Model Fits to the Hepatocellular Hyperplasia Data. 15 
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 1 

Continuous Data 2 

In the case of continuous data, PROAST and BMDS differ substantially in several aspects: default 3 

options for modelling, assumed distributions and recommended choice of the benchmark response 4 

levels (BMRs).  Additionally, only PROAST offers continuous model averaging as of May 2019.  As 5 

with dichotomous data, PROAST uses a frequentist approach to model averaging whereas BMDS 6 

plans to implement a Bayesian model averaging with informative priors.  Since MA is not available 7 

now for BMDS, only results obtained in PROAST are presented. 8 

Consider a dataset for body weight given in table 5. 9 

Table 5:  Example Continuous Endpoint 10 

 11 

Loading and parameterizing the BMD analysis the same   as for Dichotomous Data The resulting  12 

model fits are shown in Table 6.  Note, that PROAST assumes by default a log-normal distribution for 13 

responses i.e. constant variance of the log-transformed response data over the dose groups (including 14 

controls), A BMR 5% relative deviation was used in this example. 15 
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Table 6.  PROAST Continuous Model Fits to Hepatocellular Hyperplasia Dataset                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         1 

 2 

Although PROAST implements continuous model averaging, given that all the continuous models are 3 

nested within 4 families (Exponential, Hill, Inverse Exponential, and LogNormal), the representative 4 

model for averaging (either model 3 or 5) must first be selected from each family based on lowest 5 

AIC (see Figure 1).  In this example, model 3 from all four families is selected.  Using continuous 6 

model averaging and 200 bootstrap iterations (as described above in the Dichotomous Data Section 7 

above), and selecting model 3 from each nested continuous model family results in similar results of 8 

about 25% (0.24 – 0.26)model averaging weights for the four models (Table 7). 9 

Table 7.  Model Weights Based on AIC Used in PROAST Model Averaging Analysis of Body 10 

Weight 11 

 12 

The final BMDL and BMDU values for this model averaging analysis of body weights are 0.231 13 

mg/kg-day and 0.397 mg/kg-day.   14 

 15 

Continuous data Example 16 

To give an example of human BMD modelling for continuous outcome, the association between serum 17 

concentration of PFOA and total cholesterol is modelled. This association was observed in a cross-18 

sectional study of 46294 participants from the C8-cohort was used (Steenland 2009). Subjects in this 19 

cohort were exposed to relatively high levels of PFOA through contaminated drinking water. The reason 20 

for selecting this example is that 1) there is a relatively clear dose response, 2) the results were presented 21 

as summary statistics that could be extracted from the publication; and 3) the number of participants is 22 

large enough to allow for relatively precise quantification of the BMD and its confidence interval 23 

(BMDU/BMDL) 24 
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This same study was used as basis for deriving a health-based guidance value for PFOA in the 2018 1 

EFSA opinion (EFSA 2018). For modelling median PFOA levels, mean serum cholesterol 2 

concentrations and 95% confidence intervals around the mean were  extracted by digitising the results 3 

from Figure 1 in the paper (Steenland et al. 2009). Total number of individuals in the cohort were 46,294 4 

and since the results were presented by dividing PFOA into deciles the number of subjects can be 5 

assumed to be ~4629 (without any meaningful loss of precision). 6 

Concerning the selection of this example it should be noted that the causality of the association between 7 

PFOA and total cholesterol is subject to some uncertainty (EFSA 2018b). The selection of this example 8 

should dose by no means reflect any judgment of whether this association may be causal or coincidental.  9 

Table 8: The cross-sectional association between serum PFOA concentrations and serum 10 

cholesterol as extracted from the study by Steenland et al. (2009). 11 

      

Deciles PFOA (median) Cholesterol (mean) N SD 

1 5.5 199 4629 60 

2 9.6 202 4629 60 

3 13.5 204 4629 60 

4 18.2 205 4629 60 

5 24.1 206 4629 60 

6 33.5 206 4629 60 

7 48.3 208 4629 60 

8 70.9 207 4629 60 

9 117 209 4629 60 

10 344 210 4629 60 

     
  12 

Selection of BMR: Despite clear dose response, the mean increase in total cholesterol is small (~5%), 13 

at least compared to effect sizes often observed in controlled animal experiments. On the other hand, it 14 

is important to keep in mind that, compared to homogeneous experimental animals’ variability in 15 

response among free living humans usually much larger. In their publication (Steenland et al. 2009) the 16 

mean increase in cholesterol was ~8% when comparing subjects within normal weight compared to 17 

those who were overweight or obese. The maximum mean increase in total cholesterol across age 18 

categories (18 to 80+) in this study was ~16%. With age and body mass index being one of the two 19 

strongest determinants of total cholesterol a BMR of 4% may perhaps be justified 20 

Zero “dose“ as point of comparison: When modelling the data with exposure divided into deciles  21 

BMD estimates are computed by extrapolating beyond the observed (or reported) dose range down to 22 

zero concentration, which may be unrealistic in this case, i.e, PFOA is environmentally persistent and 23 

there is no true zero dose. As the dose response curve is monotonically increasing from the lowest decile 24 

(5.5ng/mL) the resulting BMD/BMDL may be suspect. That is, if individual data had been available 25 

the curve would be expected to level of and stabilise somewhere at lower (<5.5 ng/mL) concentrations. 26 

Similar situations may also occur controlled toxicological experiments in cases when the dose response 27 

curve is steep at the lower end of the dose range and  well-defined zero dose does not exist (such as for 28 

environmental contaminants and/or due to cross-contamination).   29 

 30 
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To analyse this data,  PROAST version 67 (online version available on the on RIVM homepage) is used 1 

to fit this data (https://proastweb.rivm.nl/) the reported BMU/BMDL are derived on the basis of the 5-2 

parameter exponential model and a 5-parameter Hill model: 3 

Figure 5: Model output from PROAST version 67, online RIVM version 4 

 5 

 6 

 7 

 8 

 9 

For these data, there is significant uncertainty in the shape of the dose response below 5.5 ng/mL, 10 

because the data do not contain enough information to estimate background response (e.g. 0ng/mL); 11 

consequently, the choice of the given BMR may not be appropriate.  12 

A more realistic alternative would be to use the lowest reported dose (5.5 ng/mL) as referent. This can 13 

be justified as there is some indication from other studies that the dose response starts to level off 14 

somewhere between 2-3ng/mL (Eriksen et al. 2013, Skúladóttir et al. 2015) and accepting the modest 15 

overestimation of the BMD/BMDL, which in real life does not exists at present for this contaminant. 16 

To analyse the data in this manner and to avoid the extrapolation problem, we subtract the lowest does 17 

(5.5ng/mL) from all dose groups. 18 

Figure 6: Model output from PROAST version 67, online RIVM version 19 

 20 

 21 

 22 

 23 

 24 

Using PROAST 67 and the lowest reported exposure quantile (5.5 ng/mL) as the referent group, 25 

BMDL/BMDU range is given as 13-108ng/mL. 26 

 27 

https://proastweb.rivm.nl/
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If one does not want to accept the underestimation of the BMD estimates using zero-exposure as point 1 

of comparison and the slight overestimation when using the lowest reported exposure quantile as point 2 

of comparison the 3rd option would be to restrict the dose response curve somewhere blow 5.5ng/mL 3 

based on a priori information form other studies. As mentioned before there is some empirical 4 

information that the curve is levelling of around 2-3ng/mL (Skuladottir et al. 2015, Eriksen et al. 2013) 5 

Such restriction would give an estimate somewhere in between the results of the two examples shown 6 

above. In any case the differences in the BMD estimates observed between BMDS and PROAST are 7 

somewhat larger than the uncertainty associated with extrapolation to zero or using the lowest decile as 8 

point of comparison. 9 

 10 

 11 
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